How to define and delineate species is a long-standing question sometimes called the 12 species problem. In modern systematics, species should be groups of individuals sharing 13 characteristics inherited from a common ancestor which distinguish them from other such groups.
In the next section, we review the different ways used in the literature to define species in 158 individual-based models of species diversification where phenotypic evolution is assumed to be 159 homoplasy-free. 160 Species definitions in individual-based models 161 Macro (species) and micro (individual) modeling approaches 162 Mathematical models in macro-ecology and macro-evolution have traditionally been centered on 163 species. The so-called lineage-based models of diversification form a wide class of models 164 considering species as key evolutionary entities, thought of as particles that can give birth to 165 other particles (i.e., speciate) during a given lifetime (i.e., before extinction) (for reviews, see 166 Stadler 2013; Pyron and Burbrink 2013; Morlon 2014). In contrast, empirical evolutionary 167 processes (differentiation, reproduction, selection) are usually described at the level of individuals. 168 These processes, encompassed under the name of micro-evolution, are specifically modeled 169 in the fields of population genetics and adaptive dynamics. The former field seeks to study the 170 evolution of genetic polymorphism and the ancestral structure of populations, potentially taking 171 into account a wealth of biological details such as the presence of recombination, of epistasis, of 172 7 different selection regimes, of spatial structure, of genetic incompatibilities and so forth (see 173 Crow and Kimura 1970; Hartl and Clark 1997 for an introduction or Durrett 2008 for an 174 overview of recent mathematical developments). The latter field focuses on the evolution of 175 quantitative characters under the assumption of rare mutations. This framework puts emphasis 176 on the details of ecological processes, which may be modeled explicitly. Contrary to population 177 genetics, the fitness is not given a priori but emerges naturally from the dynamics of rare 178 mutants in a resident population at equilibrium (Metz et al. 1996) . Researchers have attempted 179 to scale-up both population genetics and adaptive dynamics to the meso-evolutionary scale, i.e., 180 the scale at which speciation occurs. In population genetics, speciation can be modeled by the can be conducted independently of the first one. In the next section, we explain how these two 207 steps have been treated in the literature, first the process of differentiation (ii), which leads to a 208 partition of the population into phenotypic groups (see Kopp 2010 for an alternative review), and 209 then the species definition (iii), which leads to a partition of individuals into species.
210
The five modes of speciation 211 To our knowledge, five modes of speciation have been proposed so far by theoreticians studying 212 the properties of individual-based models of diversification. Among these five modes, only the 213 second one is intended to model specifically the geographical isolation of two subpopulations, 214 either with a random split (allopatric speciation) or with an uneven one (peripatric speciation).
215
The four other modes focus on modeling sympatric speciation by means of gradual accumulation 216 of mutations. These five propositions are illustrated in Figure 2 showing striking differences 217 between all these definitions. Two individuals are in the same species if their divergence/coalescence time is smaller than a given threshold (grey dashed line) or if they carry the same type. d) Speciation by genetic incompatibility.
Two individuals are said compatible if there are less than q mutations they do not share; species are the connected components of the compatibility graph. e) Speciation by genetic differentiation.
Species are the smallest exclusive groups of individuals, such that individuals carrying the same type always belong to the same group.
Speciation by random fission, or peripheral isolates. These two closely related models have also 228 been proposed first in the framework of the Neutral Theory of Biodiversity (Hubbell 2003; 229 Etienne and Haegeman 2011), but see also Lambert and Ma (2015) . In these models, 230 independently of the genealogy, each phenotypic class of individuals, interpreted as a 231 geographic deme, may split at random times into two new demes. In Figure 2b that the gene genealogy is embedded in a coarser tree, i.e., the species tree in the 239 multi-species coalescent and the implicit history of successive fissions in the present model.
240
Protracted speciation. This model intends to reflect the general idea that speciation is not group are always in the same species. We will show later that this definition, hereafter 266 called 'loose species definition', always makes sense once given a phenotypic partition and a 267 genealogy.
268
Building the phylogeny out of the genealogy 269 As can be seen in Figure 2 , the first four models out of the five described in the previous section 
288
In the next section, we will consider as given data the evolutionary history of a 289 metapopulation, represented in the form of a genealogical tree T , that has been generated under 290 any model of population dynamics. We will also consider given a partition P into phenotypic 291 groups of all individuals at present time, which has been produced by any process of 292 differentiation unfolding through time on the genealogy, such as one of the five scenarios 293 discussed above. In order to address the question of the species definition, we start by more 294 precisely describing the three desirable properties of the species partition referred to earlier and 295 then study different ways to fulfill them. 296 13 Three desirable properties of species definitions 297 In this section, we seek to formalize the three desirable properties of species definitions 298 mentioned in the Introduction. 299 For each internal node of the genealogical tree T , by a slight abuse of terminology, we call 300 clade the subset of X comprising exactly all tips descending from this node. We denote by H 301 the collection of all clades of T . Note that as a subset of X , the entire X is an element of H , 302 and that for every x ∈ X , the singleton {x} is an element of H . Moreover, any two clades C and 303 D elements of H , are always either nested or mutually exclusive, meaning that C ∩ D can only 304 be equal to C, D or ∅. Mathematically, a collection of nonempty subsets of X satisfying these 305 properties is called a hierarchy, and it can be shown that to any hierarchy corresponds a unique 306 rooted tree with tips labelled by X . Therefore, we will equivalently speak of T or of its hierarchy 307 H . For a nice discussion around the notion of hierarchy and neighboring concepts, see Steel 308 (2014).
309
From now on, we assume that we are given:
310
-The rooted genealogical tree T of the individuals labelled by the set X or, equivalently, the 311 collection H of all clades of T ;
312
-A phenotype-based partition of X , denoted P. 313 One should keep in mind that H and P are both collections of subsets of X , but that H is not 314 a partition. With this formalism, the species problem amounts to finding a partition S of X , 315 called the species partition, whose elements are called species clusters or simply species, satisfying 316 one or more of the following three desirable properties: Recall from the first section of this paper that even under the very restricted assumption 331 of a homoplasy-free phenotypic evolution, as is the case for point mutations in the infinite-allele 332 model, ancestral type retention can cause paraphyletic phenotypic partitions (see Fig. 1 and 2).
333
There is thus in general no species partition S for which the three desirable properties hold at 334 the same time. Then our next question is: 'Is there a species partition S for which two of them 335 hold?' For X, Y equal to A, B or E, we will write (XY) for species satisfying both (X) and (Y).
336
Of course the phenotypic partition S = P satisfies (AB). Now let us go for species 337 partitions satisfying (E). Recall that a species partition S is exclusive if for any S ∈ S , S ∈ H . The species partitions S 1 and S 0 given previously as examples satisfying respectively 347 (AE) and (BE) are in general not biologically relevant. In particular, we would like to find 348 species partitions that are finer than assigning all individuals to one single species, or coarser 349 than assigning each individual to a different species. 350 We use the standard notions of finer and coarser partitions of a set (Bóna 2011). Let S The lacy and loose species definitions 374 We state the following result that ensures the existence of the finest partition satisfying (AE) and 375 the coarsest partition satisfying (BE). So for both the loose and the lacy species partition, there is a phylogeny consistent with the 392 genealogy. Figure 4 shows both the lacy phylogeny and the loose phylogeny associated with a 393 simple genealogy and a simple phenotypic partition.
394
For larger trees, we now describe a simple procedure to get the phylogeny corresponding First, we classify all interior nodes of the genealogy as 'convergent node' or 'divergent 401 node'. An interior node is convergent if there are two tips, one in each of its two descending 402 subtrees, carrying the same phenotype. Otherwise the node is said to be divergent. Note that 403 convergent nodes may be ancestors of divergent nodes when the phenotypic partition is 404 paraphyletic. Second, we build a phylogeny by deciding which interior nodes are 'phylogenetic 405 nodes', that is, appear in the phylogeny. By definition, the two clades C and C subtended by a convergent node satisfy C ∩ P = ∅ 413 and C ∩ P = ∅ for some phenotypic cluster P ∈ P. As a consequence, these two clades have to 414 be included in the same species cluster in a species partition satisfying the heterotypy property 415 (A), that is, a convergent node cannot appear in a phylogeny satisfying (A). Conversely, any 416 phylogeny whose nodes are included in the set of divergent nodes of the genealogy satisfies (A). 417 It is intuitive that the finest partition satisfying (A) corresponds to the phylogeny containing the 418 largest number of divergent nodes, and only divergent nodes, as in the construction of the loose 419 phylogeny proposed in the observation. 420 Symmetrically, for the two clades C, C subtended by a divergent node, we have that 421 C ∩ P = ∅ implies C ∩ P = ∅ for any phenotypic cluster P ∈ P. As a consequence, these two 422 clades have to belong to two different species clusters in a species partition satisfying the 423 homotypy property (B), that is, any divergent node has to appear in a phylogeny satisfying (B).
424
Conversely, any phylogeny whose nodes contain all divergent nodes of the genealogy satisfies (B). Additionally, we showed that no species definition generally satisfies the three desirable known as species. To the contrary, a number of macroevolutionary studies assume that species 489 are diachronic, i.e., they have a birth time and a death time, which correspond respectively to 490 nodes and tips in the phylogeny. In other words, we should be able to decide whether two 491 individuals living at different times belong or not to a same species. Among the three species 492 definitions studied in this paper, only the phenotypic definition is diachronic. Indeed, the 493 partition S = P only depends on phenotypes and not on the genealogical history of individuals.
494
As such, we could say that two individuals living at two different times belong to the same 495 species, solely based on the fact that they display the same phenotype. Under the lacy and loose 496 species definitions, the partition S does depend on the phenotypic partition P but also on the 497 whole genealogical history up to the present. As a consequence, these definitions are synchronic.
498
In this work, we have only been interested in defining what species could be in a rather simple 499 modeling framework, and we have refrained from making a stand on how species should be 500 defined in nature. We feel philosophically closer to what has been called the cynical species 501 concept (Kitcher 1984), that is, the claim that in fine, species are 'whatever a competent 502 taxonomist chooses to call a species'. Species could be defined differently depending on the taxon 503 considered or on the period of description, and the three species definitions studied in this paper 504 despite their simplicity, could be applied more or less appropriately to model various groups. We 505 propose guidelines to approach real datasets depending on what seems to be more reasonable in 506 each particular clade.
507
Species described long ago are more likely to be based on phenotypic information alone, species descriptions are thus more likely to concern exclusive groups of individuals than earlier.
514
Further, the choice between the lacy or loose species definition could depend on the 'standard The five modes of speciation proposed in individual-based models of macro-evolution.
703
In each panel, the genealogy (green tree) of individuals (integer labels) is given on the Species partitions associated to each of three definitions. partially ordered sets (Bóna 2011). For the sake of self-containment and because all readers may 10 not be familiar with these notions, we nevertheless expose them here.
11
A 'Finer than', a partial order relation on 12 X -partitions 13 Definition 1. Let S 1 and S 2 be two X -partitions. We say that S 1 is finer than S 2 , and we 14 write S 1 ≤ S 2 if ∀S 1 ∈ S 1 , ∀S 2 ∈ S 2 , S 1 ∩ S 2 ∈ {∅, S 1 }. 15 We detail here the three criteria that make the 'finer than' relation a partial order on the 16 set of X -partitions.
17
• Reflexivity. Take any X -partition S . Then for all S 1 , S 2 ∈ S we either have S 1 ∩ S 2 = S 1 18 if S 1 = S 2 , or S 1 ∩ S 2 = ∅ otherwise. It follows that S ≤ S .
19
• Antisymmetry. Take two X -partitions denoted S 1 and S 2 , verifying S 1 ≤ S 2 and 20 S 2 ≤ S 1 . Then for all (S 1 , S 2 ) ∈ S 1 × S 2 , S 1 ∩ S 2 ∈ {∅, S 1 } and S 1 ∩ S 2 ∈ {∅, S 2 }.
21
If S 1 ∩ S 2 = ∅, it follows that S 1 = S 2 , and finally S 1 = S 2 .
22
• Transitivity. Take now three X -partitions denoted S 1 , S 2 , S 3 , verifying S 1 ≤ S 2 and 23 S 2 ≤ S 3 . Let S 1 ∈ S 1 and S 3 ∈ S 3 and assume that S 1 ∩ S 3 = ∅. Then there is 24 1
x ∈ S 1 ∩ S 3 and we let S 2 be the unique element of S 2 such that x ∈ S 2 . Thus S 1 ∩ S 2 = ∅ 25 and S 2 ∩ S 3 = ∅, which implies by assumption that S 2 ∩ S 1 = S 1 and S 2 ∩ S 3 = S 2 . So we 26 see that S 1 ⊆ S 2 ⊆ S 3 , so that S 1 ∩ S 3 = S 1 . We will see that the collection of X -partitions Σ E plays a singular role in Theorem 1. This is due 31 to the characterization of Σ E by the fact that there is a hierarchy H (here the hierarchy 32 associated with the genealogy T ) such that 33 S ∈ Σ E ⇐⇒ S ⊆ H .
Also recall that the collections of X -partitions Σ A and Σ B can be defined as follows 34 S ∈ Σ A ⇐⇒ ∀P ∈ P, ∀S ∈ S , P ∩ S ∈ {∅, P } S ∈ Σ B ⇐⇒ ∀P ∈ P, ∀S ∈ S , P ∩ S ∈ {∅, S}.
In this section, we aim at giving a proof of Theorem 1 which can now be restated as follows 35 ∃S loose ∈ Σ AE , such that ∀S ∈ Σ AE , S loose ≤ S ∃S lacy ∈ Σ BE , such that ∀S ∈ Σ BE , S ≤ S lacy
The proof is divided into two parts. First, given a set of partitions Σ (resp. Σ ⊆ Σ E ), we prove 36 the existence of the finest (resp. coarsest) partition finer (resp. coarser) than any element of Σ, 37 2 which we call inf Σ (resp. sup Σ). Second, we show that inf Σ AE ∈ Σ AE and sup Σ BE ∈ Σ BE , 38 hence yielding the definitions S loose := inf Σ AE and S lacy := sup Σ BE .
39
B.1 Defining the supremum and the infimum of a set of X -partitions
